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Summary

A technique is presented (or de t erm in ing the modal prop.gxt i..n prope rties of
a homogeneous c’.- t indri.-al .t ; r l c c t r i c  wav egui d e ( s rb i t i  a , ’. - s - . b s-sec-ttonal sha pe
and index n 1 embedded in a ~r d ~ur~ of index n~~. F~~r the c y l i n d e r  parallel to  the
i-a xis all f ie l d component s can bc der tv~d fr ~~n; I: and Ii . inte gral r epresent a-
tions (or F., and B, ar e der ived w h i ch  sat ts (v the appropr iat e Ilel mhol t 7 equations
in side and outside the guide and wh i c h  guarantee that the boundary condit ions are
sat i sfied.  i~n expanding 1., and B, In re r ta in  se t s o( bas is fun ct ions the Inte gr a l
r epr ese nt al ions become a set of l in ear  equations . The %‘anta ~u ng of the determ i-
nant of t h i s  act yields the propagation c onstants f the  various modes. For the
impo rt ant spec ial case of w ea k l y  guiding fibe rs ‘ n

2
) . E , and II , become small

an t  we deal in st ead wi th  the relat iv ely large transverse r ect angular components
of E and 1 , an y ofle ~f .h ic t  sa t i s f ie s  a H elmh ol t i  equation inside and outside the
guide . As w it h the general case , an I nt egral repres entati on is der ived , basis
f unctions are insert ed, and a dete r n-i tna nt al equation is generated whose root s
yield the modal pr opagat ion constant s. Results are give n (or weakly guiding Fibers
o~ various shapes. *mon g these are rectangles and ellipse. , which makes com-
pa ri sons wi th  pr ev i..u s work possible .

I - A RC ~~~~ Per
vr :-~TAB
‘ ;

s :ic. t i en

I 

~

3 ‘, i.—
—

. • 
.-

-~~ — 
I 

• ~~~ ~

epsC )
~~l



_ _ _ _  - - - .---- ~~~~- • -~~~~~ —.--— ------ ~~- — -.•- -~~~---—- .~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -------•-- --— . . ~~~~~~—-~~~~~~ 
- 

1

Cont .nts

I . INTRUDI CT f l )N 9

2 . IN TEGRA L REPRES EN TAT IONS FOR THE WEAKLY
GUIDING (‘ASE 11

3 . EQ( 1VA LE NT SETS oF I.!NEA R EQUATIONS 15

4 . IN TE (; R A I.  RE PR ESENTATIONS FOR W E AKLY GUIDING
FIBERS: n 1 ~ n3

S . S Y MM E T R Y  CoNSIDERATIONS 21

f . EQUATIONS FOR THE WEAKLY GUIDING CASE 33

7 . COM PU TATIONAL. TECHNIQ U ES 25

8. RESULTS AND COM PARISO N WITH OTHER WORK 28
8. 1 Rectang ular Cross Sect ions 29
8. 2 E l l Ip t i ca l  t r os• SectIons 36
6, 3 (*her Shapes 4 1
8. 4 ‘

~ Evolution” of the Modes 42
8. S Comparison W ith  (~ her Work 48

II . (‘ONCI.t”ST ON SO

REFERENCES SI

S

_  - -  -

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



_____________________ -.--- - —•. .— ——.—— .•- •---..~~~.—-—•--•- .-• —-—- • . .•— ——- -•-—-—.- — —-— • -- • -- • •— • --•-•-- .—— — — 

~~~~~~~~ - • — - — - — — ~~. . : .. .~~ .•

Illustrations

I .  ( ross Sect Ion of a (“, l in d r i ca l  Die lec t r ic  Guide Pa rallel to
the i- A x i s  11

2. P10t f the Func t ion ~~,) Given in Equation (601 fur
0 —  • ‘ ! (*~I~ , R • I, and Var io us Values of N 28

3 . Modes . 1  the Weakly Guiding Square Guide  30

4 . Modes of t he  W e a k ly  Gu id ing  Rec tangu la r  Guide w i t h
H • I .  ~ 30

S. Modes ~
( ~h.’ ‘A ca kl ’.  Gu iding Hr -t a ngular Guide w i t h

1. 5 31
1,. Modes - f  the W e ak ly  Gu i d i n g  R ectan gu lar Guide w i t h

31

7 . Field lntens t t ~ - as a Fund . n of •~ b f o r  the H Mode of a
Square Guide w i t h  .1 1 33

8. Fi e ld  Intcnii , t % as a Funct ion  f , 1. f i r  the  Mod e . . (  the

Square ( ;uidc w i t h  ,I . I anil Vari ous Values ..r , 35
‘ Mode. f the  Weakl y  Guid ing  ( ‘ i r r u l a r  Guide  38

10. M~~~cø f the Weakl y  Guiding E l l i p t i c a l  Guide a i t h
38

I I .  Modes f t h e  W e a k ly  Gu i d i n g  E l l ip t i c a l  Guide a ith
• L. ~ 39

12. M~~1ea f t he  W e a k l y  ( ;u z dtn g El l ipt ical  Guide w ith
R~~~2 39

11 . Modes f the Weak ly  Gu id ing  Super e l ltp t i ca l  Guide wi th
• I, N • 2 41

14. M~~tes . f  the  Weakly  ( ;u id ing S u per c l l t pt i c a l  Guide w i t h
R ‘ I \ ‘ 41

I S. M..des ‘hr We akly  G u i l i n g  Cusp-Shape d Guide wi th
• 1 N * 0. 1 42

l’ . The Mod e f the W r a k ly  Gu id ing  R ectangular Gu ide as
(ha nge s f r o m  I t~ . 2 43

17 . The R~
1 M d c  ‘f the W e a k ly  Gu iding Rectang ular Guide as

Changes from I i 10 43
18. The R~~ Mode ~ f the Weakl y Guiding Rectang u lar Guide as

(‘han ges fr om I t .  2 44
I ’~. The R~ Mode of the Weak ly Guiding Rectang ular Guide as

Chan ges from I to w 44
20. The R

’
~~ Mod e of the W eakly Guiding Rectang u lar Guide as

Changes from I t o  2 45
21 .  Var iat ion of P2 w i th  Chan ge in Aspect Rat i o for the First

Five M odes of the Weakly Guiding Rectan gular Guide at
T~ o Values u t  t~ 45

22. Va r i a t i o n  of P2 w ith  Change in Asp ect Ra t io  for Some ~ f the
First Few Modes of the Weakly Guiding El l ip t ica l  Guide at
Two Values of ~ 47

-.4

_ _ _  .  .~~-~~~~~~~~~ ---



i: ~~~
I _ _ 

--,

~~

—-- - -- -*- .— ------ - - -

~~~

. - -

~~~~~~~~~

---- --- - -  —----

Tabi.,

1. Results for the Dominant (Noncuto(fl H~ Mode of the Wea kl y
Guiding Square Guide 32

2. Value s of the Propa gation Constant P2. for ,i3 • 2 for the First
13 Modee of a Square Guide, Obtained wi th  Determ i nants up
to Order 4 34

3. Results (or the Dominant (Noncut off) R~ Mode of the Weakl y
GuidIng 2: 1 Rectangular Guide 36

4. Results for the F irs t 13 Mod es of the 2 :1 Rectangular Guide ,
Ordered According to the Value uf $ at Cut off 37

5. Values of d at Cutoff (or El liptica l  Guides w i t h  Different Asp r ’
Rat io.. and for a Rectangular Guide wi th  Ii • 2 40

I

‘1 7



Modis of Di.I.ctric Waviguid•s
of Arbitrary Cross - S.ctional Shop.

I.

With the Increased Int erest in fibe r optic or integrated optic communication
techniques ha. come I need to know in Inc reasing detail the propagation properties

~f cy lindrIcal dielectric waveguides (Gloge, GoeLl , 2 MsrcatILI 3). In fsct , the
l i terature ha. s burgeoned tha t it would be excessive to t ry  to quote all the
individua l pa pers tha t discuss the subject . Happ ily, there a re by now several
excellent book* and review art ic les that make this unnecessary (Marcuse ,
Kapanv and I3urke 5).

The problem of electromagnetir propa gation down a d ie lec t r ic  cylinder is

cl ,,sel ’* related to the problem of scat ter ing of elect romagnetic waves from the
same cy linder.  It is then n~~ surpr is ing that methods used for the scatteri ng
probl em (Eyge.6) have alao been applied to the problem of propagation. Thus,

(Received for publicatIon 3 July 1979)
1. Gl oge. 0. ( 1 97 1) ~ ppl. Opt. lO~22 S2.

2. Goell , J . E .  ( 1969) Bell Sys. Tech. J. 48:2133.

~~. Ms r ca t i l i , E . A . J .  (1969) Bell Sys. Tech. J. 48:2071.
4. Mareu se , 0. ( 1974 ) Theory of Dielectric (~ptica l W.veguidea. Academ ic

Press , N.Y.
S . Kapany. N. S. and Burke , J . J .  ( 1972 ) Op tical Waveguides, Academic Press

N.Y.
•;. Eyges, 1.. (1973) Ann. Ph.~~~ 81:567 .

9



-
~~~
—

~~~

$

1 1

point matching ( Goell2) and ray t r acing (Love and Snyder; de Vita 7) techniques

ha ve been applied. Despite much work , however, there is no one general analytic
method which applies to single guides of arbitra ry cross-sectiona l shap e and to
the couplin g between two or more such guides.

in this pa pe r we presen t suc h a method for single guides; Its extension to

coupled guides is in preparatIon . The method is larg ely analytic although finally
mach ine com putat ion is requir d. The method nuut only provides new techniques
for irregularly shaped guides , but also has the minor advantage of providing neat
derivations of the standard formulae (or single circular guides, Including the welt -
known approx imati ons that arise when the index ~( re f raction is l i t t le  diffe rent
f rom that  ~1 the surrounding medium. The present method is an extension of

recent new techniques for solving the problem of scattering b~ irregularly sha ped
dielectric bodies, and in the static l imit , for solving the problem of an irregular
dielectric or permeable bod y in an externa l field (Eyges , 6 Eyges and Gianino , 8

Nelson and Eygies9). The general idea here is the same a. in those pa pers. That
is , an integral representation for the var ious field component s I s derived tha t is
equivalen t to the appropriate diffe rential equations inside and outside the guide and
that guarantees as well that  the various boundary conditions are sat isfied . These
differe ntial equations for the field components inside the gu ide have a set of known

solut i ons that can be considered as a set of basis functi ona . The field components
can be expand ed in a series of these bas is functions , wi th unknown coefficients.

~~ introduci ng the expansion. in to the integral repres entatIon . , they become a set

~ f linear (matr ix)  equat ions whose matrix element s invo l ve these ba sis functions
in line integrals that ar e taken .ver the boundary of the cross-sectiona l shape .
This is the only wa y the boundary enters ; there is no need to  match int er ior and
exterior solution s scr oa s it . Since the set i f  mat r ix  equations is a homogeneous
one, it has solutions only for certain allow ed values of the pa rameters involved.
t. me of t hese pa rameters is the prop agation constant we seek .

The descrip t ion above applies to a guide of index n 1 embedded in a medium of
smaller index n 2 but wi th  no ot he r re strict ions on the mag nitudes of n 1 and n2. In
p ractice however , it 5 very common for n 1 to be close t o n2. In this “ weakl y
guiding” case certain vectorial aspects of the general procedure outlined above
become simpler , and , in fact , the problem can be reduced In a good approx imat ion
to a scalar one . We have therefore concen trated on this ~ca lar fo rmulat ion and
have based our numerical calcu lat ions on it .

7 . i.ove , .1. 1). and Snyde r , A . W .  (1977) Ann. Telec9mmun cativ ns 32 :109;
de Vita , P. (1977) Ann. Telecommunications 32:115 . —

8 . Eyges, I .  and Gianino, P. 0. (1979) IEE E Tr an s. Ant. & Prop . AP -2?~55 7.
9. Nelson, A. E. and Eyge., I.. ( 1976) J. Opt. Soc. Am. 66:254 .
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2. I~~TE(.*AI kEPIESENTA11O~~ 10k THE ~ EAM.Y GUUHfIG CASE

In this sect ion integral representations in the weakl y guiding case are derived
for the cylrndr ica t guide of a rb i t r a ry  cros s sect ion sketched In Figure 1, The
t ime dependence is given as e ’

~~
1 , so that , for example, t he electric field E(r, t)

is wr i t t en  as E I’ c ’t” t . The guide medium is assumed un i fo rm w ith index of
refraction n 1 and dielectric constant I related by n~ and similarly the
externa l medium is chara ct er i7ed by n~ .~~ . Then i: (s i m i l a r l y  I t )  satisf ies
(V • k 1

) E 0 Inside the guide and (V 2 • k~ ) F. ‘ 0 in the external  med i um ,
where k n k Ii • n k and k • ,. 1c .1 l o  2 2 ( ,  i i

y
A

FIgu re 1. Cros s Section of a C y l indr i -
cal Dielectric Guide Parallel t the a-
Ax i s .  The cross-sectional area is
denoted by A , Its  bounding curve by I ,
the outward normal 10 the cylinder is
ti , and the Un it  vector tangent to  I. i s  t .
¶he positive 7 -axi s is out of the plane
of the paper

For solutions t h a t  correspond to  wave propa gation alon g the guide, it wi l l  be
assumed that  th. only i -dependence l se~~g’.

!., (~
)
~ !~e~) ~
> 

e ( I )

_B~
(!)J !‘&J

whe re is a vector in the plane perpendicular to the a-axis and k
1 

is the propaga-
tion constant in the a-direction . It follow s t hat E(€.) and B(e) satisfy

11
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I ) (~,)\— — ) . 0 inside the guide (2)

/ E(p ) \
( ‘C’2 

- .t )( 
— — 

• 0 outside the guide (3)

\ 
B~,) J

where ~~ is the t~ ~- ( I in i ens I ( .na l  l .ap lacian and

2 2 2 2 2
- k g ~~~~ ~ k g - k 2 . ( 4 )

?q.  (3t r r f l r~ t~i the fart  tha t ~~ external fields ~Ji’. u~ v i t h  increaarng distance

from the  guide.
It ~. w e l l  kno*n that !. r the  present problem the  t r ansver se  (‘oinponents of

i: and It are d er iv ab l e  from I: and H .  I o ~ examp le , the perpendicular  comp o-

n ent s  F inside the medium arc given hy

‘ —~~
—---— ~k (V ~ 14 ) ‘ k V i: 11

. k - k 2 ~ ~ g
I o g

I n  fo rming  the  t ransv erse  tangent ia l  component F1 by dotting this w itht •

and doing the same ~ .r we find

I ‘F n i t
I:t 

—
~~~ (~kg ~~~ - k,, .

, L) ( 5 )

~~~ (ui g ~T ’ ‘ ~
‘ l ~ . ( 8)

Simi lar fo rmu l ae  hold outsld~ t he gu ide , wit h and 
~~~~ 

repla ced by t~~ and
r espectively.

We want to derive integral equat ions for E 7 and B and want these equation s
t o  inco rporate the boundary conditions , which are that the tan gential component s

~.f bot h F and B be cont Inuous across the boundary curve I.. These t angent ial
romponcnt s sri’ the longitud inal E 5 and 13~ and the t ransv erse F.~ and To get
the required integra l represe nt at ion we fn llow a p rocedure very similar to that in

12
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a previous pape r by Eyges. 6 Ii is easy to find an integral representation for F 7
w h i c h  sa t isf ies  Eqs. (2 ) and (3) and also gua rantees that F 7 be eor’tnuous . This
LI

• -h ‘ ~~~ _/
‘ 

F ,i ’  L~2
1.e, e. d.A’ (7)

where the tw o-di mensional Green fun ction sat isfies

(V 2 
— ~~,i ~~~~~~~ ~~ • — .

Th ere  is~ ~f ourse , a s t n i i i a r  equatk )n ~* i t h  si m i l ar  propert~es, for fl y . How-
ever , these equal ton s du ~~. ‘t s a t i s fy  the co~~dit t o~ s that  K 1 and 13~ be continuous.
FFe reason they  1 flot i i  tha t the  cond it ion of the con t inu i ty  o f and can be
rephrased as a ndt!,o:: ~n the dilce ,ntifluitv across the boundary ~.f ~E, ~in and

•~ C u:: ; ~~ n ! ; t : . u ) , wheresa Eq. (7) implies that F7 is continuous , and the
,*:r . 3r equ a t io n  i :upl ~es tha I 13 Is e o n t i f l u ou s . Hut Eq. (7) can be mod i fied, much
as the previous s. rk  ‘n sca t ter ing ,  by the add i t ion  t it of certain line integrals
‘ha guarante e  that  t he  u u p  . ondi t i , , n  be sat isf i ed , and we shall do j ust th i s .

I’ get ! I:.’ :t:::: ;~ condi t i o ns ~ “ use Eq. I !~) ( i  F1 j ust in.ide the  boundary

i s u h e cr ip t  -1 r~ t equate C :  t i t s  unt i’rpart f . r  F1 j u s t  out~~idc the boundary
i subac r ip t  ‘I ‘ . .

~L ( 
~~~~~~ - ~ ~-~\ ~ k —~~ . k (0)2 ~,

“g ‘° o an J ~2 t~ g at an

\ s  sin . -,’ F is .n t inUouS  a . :  ‘is the  boundary so is 4E ‘t So we do not need
suh scr :p t a ‘ and - • -u . Thus , Eq. (9) becomes a condit ion on the d iscont inui ty
.t the r r :’-.a de r iva t ive  1 B

1(
~ 

I) 

;i13~~~ (
~ 

I) 
_

~~

in much the same way , the c o n t i n u i ty  condi t ion  on S1 becomes one on the discon-
t in uity .( the normal derivative of F 5:

~Fj ! , (i’~L 

~
) t~~~ ... (4 . 

l)
~~~2 (11)
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To exploit these resul ts , we recall some properties of the following line
integral over the bounda ry, a function ol e, we designate by ~(p ) :

~.1 c2~~~~ ~te,’~ 
dl’ ( 12)

where o is for the moment an a rb i t r a ry  funct ion,  It is wel l  ~ iown that is
cont inuou s acro ss the boundary but has discontinuo us normal der ivat ive s

- ~~~~~ • a(~j  
( 13)

an • an

w here , on the  right hand side of  Eq. I 13) 1*, of course , on the boundary. Now
we add to the provisiona l Eq. (7) (or F a line integra l like Eq. (12) but with

taken to be the ftmctitin ufi the right hand side of Eq. (II). to  get :

- C . . t  
,(
~F i ~~

) 

~~2 
(~~~, p ’) dA’ - 

2~~~l 1 { 1 ~~ • 2 ~~~

• ji ~~~~~ • i~~ ) g ( ~ ,p ’) dl.’ . ( 1 4)

This is n w  the ft n.aI desired equation for F .  It s t i l l  sat isfies Eq .. ( 2)  and (3) ,
guarantees the continuity of F,, and , in addition , by virt ue of the line integra l in
it and Eq. ( 1 ’ I , now satisfies the jump cond i t ion  Eq. i l l ) , i .e. , the cond it ion 0(1

the cont inu i ty  of H~. The equation for B,, der ive d st m i l a r l ~- , is

- ~~~~~ f s ,~ ~~2 
(~ ,~~‘i ~ - ~~!1J (~ J -~ .s ~

,, ~~~~~~~~~ 
d l ’  . ( IS )

For many purposes it :. convenient to trans fo rm Eqs. ( 14) and ( I S)  by replac-

ing the area integrals with  lin, int egrals. Thu., in Eq. ( 14) in the Integral over A
we can use 

~~~ ~~2 
- - and - ‘p~ E~ - F , and rewrite it as

follows:

14
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~

- I’p~ • p~~) f  F, ç dA’ fIAIp_ - 

~ 
- ~ c1 

F , 4A’ • fv
2 F ,

if  ~~~~

• F, ‘ J (~
g.1 ~~~ - F, ~~~__ ) dI.  (~~ inside guide) (16)

where  we have used Green ’. second iden t i ty  in de r iv ing  the last equation train its

pre decessor. W i th  Eq. i l 6 )  in E q. i l 4 )  w e  find after cancelling ~ “ .r ‘ . ‘ :

o • - f 
I: -

~~ dl ‘ - 

,
2 

~~~~ 

~~~~~~~~ 

- 

d l . ’ - _L~ ...1. ~~~~~ •

I 2 t l I 2 1

(~ ,It

J ~~~~~~~ 
g d l ’ . ( 17)

In : :u . h the sao:e w ay, Eq. ( I  ~i)

o H , ~~~~
‘ -

~~~~~~ 
/

~~~~~~~1. 
~~~, d l ’ ’

J

. 

~T~’ g cli ’ . ( 18)

These ar c the basic in t eg r a l  repr esentat ions . ‘ the theory.

3. 1QI 1% UIJ4T ~LT~ OP IJ ~ I ‘~I lot

In this sect ion the pair f integral Eqs . ‘ 1 7 )  and ( 18) , is reduced to an equiva-

lent pair .‘f sets f linea r al geb r a ic equat ions ti~ evaluat ing them at small p, much

u was done in  previous related m . . r k  ‘f Eygra. We assum e that p is much less

tha n the smallest va lue of  p ’ that appears in the integrand s of Eqs. ( 17) and ( 18) .

We can assure that this a possibl. by choosing the origin of the coordinate system

in Figure 1 app r opr iate ly. Then , for use in Eqs. (17) and (18) we ha ve the Green

function expansion

is

— 

----— — -~~~~ —- - —-- --~ - .-,- ~ -. —
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~~~ 

.J1
(’~~p)  H 1 (i ’~3p ’) e hh (

~~~~
’) ( 19)

whence

- _.! 

~ 
~~‘• .L.. (fl (t ~~~ ’) e h 1 ’ ) (20)

if Eqs. l f ’ i and ‘20) ar e inserted into Eqs. ( 17)  and ( 18) , there results , on drop-

pi ng the ~~~~~~~~~~~ f at ti ’r ~(i  4)J ,(~~~ 1

-( {F,i~~’ 
~~~~ 

(1i,( % ~~~~’) e u 1 ’ ) . 

~~ 
;~ 

•~~~~~~
-
~~~

_ (~ • 

~ I)  ~~~~

111 tt ~~ ,Øi ’) d l . ’ . 0 (21 )

-1~ 
{ ti ivi ,.’i r~~~

’ ’ i . [ 
~~~ ~~~~~ 

- ~,z (
~ ~l ) ]

)J~ i i~~~~ ‘1  d l  ‘ ‘ 0 . (22)

~~o* 1 - ~s. 1 1 ’  ~nd I~~’.’I a re  r r t u .  ,“I i set s - f  linear equation, by expanding £ 5
(,p ’)

p ,~ ~ t h e  set . ,, f  basis !i~n,- t i ’ n S  s~ l ’~ ~~~ ~, sin ., or

j i -. I . ~~~ I . r t he  “ i - •” -.ent , the expo n ent ia l  ( rn :  a more cofl Veflieflt , so we

* r i e :

~~~ A 0 J i ) l p ’l e~•~~’ ( 23)

~~~ 

B~ J ( ~~1p ’1 e ’~~ . (24)



— ~~~~~~ 
- - -

~~~~ ~~
-

___________

We shall assume that the normal i is expressed in cylindrica l coord inates ,

, i .~~~n •j n, ( 25)

alth ough, it can be advantageous , particularly with  a cyl inder  whose cro ss section
a a polygon, to express U ifl ( artesian coord inates. In cy l ind r ica l  coo rd inates ,

(or a ~oflto ur 1. tha t g defined b y ,  • p ( 4~ , one has :

dl.  
_ _ _ _ _

‘~ “0 - — (26)

whe re

dl. ‘ ~ 2 
• ~~~ 40)2 

40 (27)

Ghren Eqs. ( 23 )  and ( 2 4 ) , the .‘ar t ,,us quant it ies that enter Eqs. (2 1)  and (22) are

- ( ) ~~l 

~~~ 

I3~, e~~~
’ 

~~-1 1
p ’J~~~p

11 ’) - -
~4 ~~~~~

and similarly (or F .  F or  ,4P , M ’ ~ e ha ve, wi th V • i ’ ~

aS n all
‘ (~~‘ 

s n’1 ‘ ~~~‘ B,(~ ’) a n
~ . ‘

~~~~
-

~~~ 
- —

- (s:) 
~~~ 

B e~~~ {) ~~~~~ 
D ’l . 

~ }

The ac results are put in t o Eqs. ( 2 1 )  and (22 )  and the integration is converted to
OUC ove r 4 ’ via d i - (di  40 ‘)do ’, whereupon these equations become:

~~~ 

{ii (ii,ls :~1 N .) • _...1 Q
g.}  

• 0 (28)

17 1
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• f / ~ Vi.
~~ 

(,~,,,
. A ,Q~5 - Ii , ~~M g 0 a - N.

.)]
. 0 I • 0, t I , t 2 .

where

M 15 f  ~~
‘
~~~~~

‘1” 
~~~~~~~~~~~~~ [i~~~. . I I , ~~~~~~~ -

~~~~~ 
(_
~

.) ~~~ dO’

N,, . ~~~~~~~~~~ ~~
• 

~~~,,. i 
~ ~~~~~~~ 

~~ 
‘~~ - ~~~~ ~~~~~ 

~ .1] 4•

Q I 
(I 

- ) J c i4
~~~ 1~~~ II 1 I i ~ , , ‘ I  ~~~~~~~~ ‘) •

The hi- :  grne, t.a act of Eq s . (28 )  and  ‘2 ” )  has s, , lut  ions ‘nh if  the  det erminant

vaniah r ’ i . Th en  The vari , .us r - ~ t s  of  t hi a v ar t a h in g  det erminant  ~ i cld th e  propaga-
t i  n c - nSt *fl ’.M - ! t he  d i f f e r e n t  i ! the  guide .

E q s .  (2 8) ~~- t 2 ’ )  cOn be appl ied t i  c i r cu l a r  gu ides radius a ) t~ - obtain r e—
s ul t ~ that  are  f ~; ra r  0’ new S hut w h i c h  i~- serve as a useful check ofl our pro-

~e’tu re .  i - - r  a c i r c - u la :  gui ’Ic •. ‘o 0 and al l  the “(t -d i agi .n al  matr ix  elements
are 7 C ? . - ‘t - ~,t a

2 ‘i ’~ , a J 1h 1 a ) H ~ l ’ . ~2
a ) 8 15 

( 31)

(32)

Q15 ‘ 2 ‘(k
1 

k i l l  i~~ i ) 1 1 J 1 h 1 •)~ l~ ( i~~2 s) 8 15 . (33)

If we let x ‘7 2
0 and ~ ‘7 1 a in Eq.. ill ) to (33) , sub stitut . these expressions

mt ,  Eqs. (281 and ( 2 n ) , and t hen eliminate the A 1 and B~ between these two equa-
tions, we get the standard dispersion relation (Marru se 4

~:

I s
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l It k~ y)( —J~ (y ) J 1(v )) — ii  2 k 2 xlOl’1(t xl H ,(I x))~
( 3 4 )

I J~(y )  y 3 , I’.)  - 11 (i  x)  x 1I , ( i x l )  • ~2 k~ (y 2 - ,2)2 x4 y 4
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A:~ impo rtant p r ac t i c a l  cas e .~ ~u rs  whe n n 1 • n., a. that the fibe r is “ eeakT y

guid i ng. I-~ ,i c i r c u lar  f iber s ( 1 I C
1 has ihown  ho~ the conventiona l t reatment

.~n hr s i t :  - ; ‘l t  (ied . h i s  esSentia l  p. tnt  is that the longitudina l coinr.oneflt • F , and

__________ .‘niparrd t~ - the t r an sv er se  c omponent s F H and in fact
a — ii - the •anie for  ii l~ . A si :’,ilar result holds for the nodes of

- I — 7 -
•‘ ta L i t ’  guide. It a i- lea r , and we shall  v e r i fy  t h C O  below , t hat Gloge ’s argument s

c.o~ hr ~~~a app lte ’i  w e ak l y  gut ding f i b e :  a ‘f a rb i t r a r y  c r i e s—sec t iona l shape.
It  t h en hr i- eS - . n vrni ent  aband on t i e  t rea tment  .1  Section 3 in terms of

i: and II .a:i t t . ’ dea l t i r e .  t i i  a Ui t ? ’~ n~.nvan isht n g t ran sverse fields F and S
7 7

~t’r wa nt then t~~- obta in  i n t egr a l  r ep r e sent a t  ‘n s  f r  F and H analogous t .

th a r  .! ‘-
~~~~- t i n  I !,.r F and 1~~. T -  set up the se latter in tegral  r epr esentat ions,

ar h i  ‘0 ‘ i i p r  t n t  - -t int  the  nt mn)  ~ ;‘r ;ie U es ~ - (  t i-in : nor mal derivatives

ac • a ~ ) t ; e  ba .undary . ~t r : t i l ar I v , :n se t t ing  up the int egral represen tations for F

and It we  n t ; a t  a g a i n  i n - p i t t , -  in ) , - t he  p o . s tb i l i t~ i f  boundary disr u ntinu it ies.  To
lit-gin . we . 1 -  a i - rv e  that the tangent  iii~ components (‘1 F and B must be cont inuous

a ross t h e  b oundary .  Wha t about th e  n, rn~al d er i v a t i v e s  of these quant it i es~ To
‘i t t ;  t ’ i - t P . ’ i  w e  a n t  ::i~ an . -r h. g n a i  n , . . t - d i n a t e  sy stem w i t h  its origin at some

;~.on  un t h e  l~ -u n t a r ~ w h ere in  ¶ 1. ,- n - a x i s  t s  along he d i r e c t i on  of the normal ~.

at t h a t  a ’t n t , and the -axis  i’ - along the direct ion of the  tange nt vector t. Then,
in ‘ e r” :s of ‘hear var iables  the  7-component “1 V ‘a B ju st outside the guide i s

-• 14), - I ‘ r - aI3~ - i s) , i lill ‘ 0 . We -sn write a similar equation 3uIt

n~~i4r the  boundary and hence conclude

(
~‘ - a (

~ 
- (35)

‘~~w ~~~~‘ It - 0, w hi - h mean s tha t  14 is continuous across the boisida ry, and, hence,
tha t i t S  tangent ial derivativ e •It~~r c’7t is also continuous. Then Eq. (3!’) becomes

tB 15
a .~ ..1 (35)

an 
• - 

— ‘ — - -
~~~~~

-- -
~~~~~



In short , the normal derivative of the tangent ial component is cont inuous across
the boundary. Consider the rectangular components B, and ~~~ If B, and By and
their normal derivatives are continuous across the boundary, then the tangent ial
component of B a linear combination of B, and B,~) w i l l  a lso have these con-
t inuity propert ies. Argum ents similar to the above also apply to F~ and E~ .

Let •be either of E,., E~~ B,. ~~ 
Consider Eq. (7) w i th  F, rep1acc~ by •:

- (~~ * ~~ f  •(€.‘) L,2 ~ •2 ’~ 
dA ’ . ( 3 7 )

As we have seen, t his guarantee s that Eqs. (2) and (31 are satisfied and that •
and ~ ~)n w i l l  be continuous  across the boundary (Eyges and Nelson 10 ). If t h i s
equation is sat isti ed we can take • to be ei ther  B or B , ~r a l inear combination

~ f the Co of them. This linearly potari te d mode w i l l  then pro pagate do*n the
guide of arb itrary cross section with  propa gation constant s and modal character-
istics that are governed by Eq. (37 ) and wi th  an F f ie ld  that is pe rpendicular to the
B field , as determined by Maxw el l’ s equat ions . Not e that Eq . (37 )  can be convert ed
to a useful line- integral  form by the steps tha t led fro m Eq. ( l E )  t o  Eq. ( 17) . I t be

comes, for p inside the guide,

_

- 

(._ ~ .1 . 
- 

g 
2) 

dl . ’ a 0 . (38)

It is wort h observing that Eq. (38) can be derived In an alternate wa y that is re-
lated to the so-called Ext ended Boundary Condition method IEB C) which has re-
cently been exploited for scattering problems (Waterm an~~ ) . Basic t o  this met hod
is an Integral representation (Hu ~ gen ’. pr inciple) for an am plitude • which  sati s-
fies (V~ - ,~ )•  a 0 in the exter ior region , namely

- f  {.. i~~ 
- ‘~‘I ~ c3} 

dl. ’ ot~ side .

It is well known tha t if this equation is evaluated in the Interior (canonical proce-
dure in the FBC met hod ), It yields sero cit the le~ hand side:

10, Eyges, I. . and Nelson, A. E. (1976) Ann. Phys. 100:37 .
1*. Waterman , P .C . (1969) J. Acoust, Soc. Am. 45:1417 and ( 197 1) Pity.. R ev,

D3:125. — _________
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a f  {. .~!.a - p.~ g }  
dl. ’ , ~~, 

inside

Hut for the present problem we have •~ ‘ •~ and i~~ u~tt i~~ , ‘ 
~~ - and when

these t *  equati ons are  substituted int o the above the basic Eq. (38) is reproduced .

3~ S’iWMl~T*t ( I ) ~~%II**ATlO~~S

F u t h e r  -~ th e  in tegra l  r ep resen ta t ion s (37 ) ‘i ( 3M )  can now be c onverted to  a
set of hu .~~. . gene -na l i n e a r  e qu a t t ’n s  and a corre spon ding determinantal  equat i on

ti m rt ng  ti ! t ; . ’- t~ an CS~~*flA L i t  in th e nt e r r solut i~.ns .1 i~ 1p)  c~~~. In (act
I! ii ti - or e c ! t v r t n r f l t  I use t r i g n : ; e t r i c  functi on s, M we shall assume as the
genera l in t e r  t ’ r  expansion f- -c • (or a guide f arbi t rary  r u ss-sectio nal sha pe :

I f t  coS  ( )  1) sin (*4 ) . ( 4 0 )

41) 1 is in f a .  t i ’  general  in tha t aPn st a l l  p r a c t i c a l  guide s  have symmetry  of
one ~ ;nrt . -r  itn , ’!hv’ r . ft .‘i then usefu l , indee d iu in - i ,st impe ra t i ve, t a r t  out In
advance the  h n ;~ t a t i - : : m  t h i ~’. such  ‘i~~ :-~ ‘te ry imp lies ‘ : the c . e f f i ’ -t e n t~ i n Eq. (40).

In U - i s  pape r , -c  e ~- i p I e a e  shall  a na ly, e , am~*tg ot hers, guide s of rec—
t an gu la r  . r n i i ; ’ t icti ~ ‘i~ i sr t i - n .  If the axes f such an ellips e or rectangle

if l c i - t C  a t~ ‘he x -  and ‘. -a xes , then  by usual  p w r i t %  arguments  of  quantum

mec hanics  ! ) e  a- ’- . p I : ) u - t . -  • :‘iu ’i t  he either s t m : n n)  r u  u ’t  s n t i sy m n i e t r i u  about the

x -a t ’. T his  n t r u n ,  t ti.i ’ • r a n  he expanded in t e r m s  ‘f e :(h cr  sines or cosines .
St t n ; l a r l v  r,- ’1,-~~~~’; S~~- - t : t . C ) r~ about the ‘ .i u t s can be used i show that both the
s ne  ar~ he s i n e  n xp an s i .r s sp l i t  i nt o t a .  other  cases , in one i f  which s run s

ver even va lue,  tn 1 in the -th , -  ~ve ,  “ I t  value s. In short , there  are (cu r ellip-
t i c a l  o r r e c t a n gu l a r  cross s re t i ~~fl5 (o r an~ gu ide w i t h  s i m i l a r  )~~ f~~1 I  reflection

-or t t p n s of  expans os , labelled l~ H ( f o r  rectangle )  w i t h  superscr i *s
I through IV -

* t s ~~~~~ 
cos (.4) ( 4 la )

•-0 , 2 , 4 . . .

21
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9(9 ) ‘ C, J 5(’i 1p ) cos ( se) (4 lb )
s - L , 3,

H m~ ~~~ 
* U5 J 5

(~~~p )  sin ( a )  (41c)
a - 2 4 , ii .

• 1) J ( ~ 1’~ 
s in  (54 ) , (4 1d)

5 1, 3,

-t l i i i  u . n  t - t he  I -a - ( ‘1 1 as t t u t t t u ’ t  ry in the  perpendicular a *p ~ if the rec —
- - t  . - l l u ; ’ s . ’, the ~ it tu’  Puts t h e  tv!  - i’t r~ - - f  the square (r eflect on  symmetry

a r- *’sp-u ’~ t o  - t i ago nn l s) , i i . -  ,- l a s s u f i c a t  - - -  i;~ . ( 4 1 1  a re •n , id i t ir d  in a way
P - u ’ - .,tt r i ,  I .- t v ,  uv .- I i s  q u it e  s s imp le  reas, in ing as the  par i t S -  S r gtunents a~~ ve .

I t . ’  .-‘o~~ t ‘o i r r , !- . - a e v . - r , a ‘it r a i ~~t !  ‘u - r a a r ul  consequence ‘ f group theory and i f

the ‘u U — i ’ i v  a ’. r’ . “ c t  i ~ t i c  5 10:4 r u’ ii 1.’.. : ii r ’l i s  the gri.u p ( 4y which has
ui  - -li e — - :~ - .~~ * i t  - u- I n -  i t  ~,- r ep r e s en tat  loflu. ;,r i ~nc ¶ 5 ’  —d iu ne ns ion al

r h t M  leads ‘ U~e . - - r ~ j u t  - U n i t  U i ’- r .  a re  ~. - i- u e x p a n s u i ns n:,rr r l s - , Eqs . ( 4 2 a — d ) ,
a h i , h !e:i I t -  ‘ -o r - I .  ‘‘v i  u - n i  (n i ’ndegen er at e )  set a i f pr op agat i - n  c onstants, and
t w o  et~~i * ! , N  -o ’i I Fqs . 4 4 ~~e and f) 1 t h a t  ‘. e i - I  t ha t  saute  set -f p r u i p a g at u n constant s

(d egenerate rr ~ .desP . ~~~~ are

~
“I~~ ) I J 1 i 1, I Co5 (*4 ) (42a )

s 0, 4 , s .
H

( J 1 ~ ) - s  (a ,)  (42b)
a 2 , ~, 10 .

E 
I) J i ’ u l~’~ 

si r- ( s )  (42c)
a 2, 4, 10 . . .

H 111

9 4 )  a t)~ .T h  
l ’-

~ 
~~~~ (*4) (42d )

- 
a 4 , 8, 12 . . .

22
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~~ 
~~~~ C1 J 5

(~~3 p) cos ( s4) (42e)
5

~~ ~~~ • D~ J 5 (3 1p ) sin (54 ) . (42fl
s ’ l , 3,5...

However , in order to  re late the modes 0f the square to their counterpa rt s of the
rect ang le , we have kept the mod e notat ion introduced in Eq. (41 ) . Tli~ a , in

Eq. (42 ) B 1 s t i l l  re fers to  ‘ Cc , I , even s modes and H 11, to “ cos, I I  s uiode5,

etc.

~. EQL ~TlO~~S FOR TIlE WLA kLV MILHf’4G CA.~E

Give n the expansions of Eq. (41 )  ‘ u r  (42 ) , we c-an insert any of them into the
integral representations ( 37 )  or ( 38 )  and use the expansion of the Green function
to obt ain a Set of linear equa t ions and hence a determ inantal equation for the modal
propegat ion constan ts.

t ine question of strategy is now whether  to choose the line I ntegral represen-
tation (38 )  or area in tegra l  representation (37) .  The former choice might app ear
to be the obvtou s one since the line Integr al mat r ix  elements it  generates are one -
dimensional , and h elw e ostens ib l y simp ler tha n the two-dimension al integrals that
Eq. ( 17) would yield.  In fact , they ar e generally simpler and we shall choose t~~
work  w i t h  Eq. (I II) , but Eq. ( 17 )  should not be set aside complete ly~ it is pa rt icu-
la rly usefu l for guide. that are not too far from c i r c u l a r . In this  case it lends
it self to a convenient perturbation analysis ( Eyges 12 ) in which the Integration is
broken up mti ’  tun e ove r a i i n c  Ic i(o r example , inscribed w i t h i n  the cross section ,
-r if the same area) w h i c h  generates diagon a l matrix elements , and an integral

~,v-e r the remainder area w h i c h  yields off-diagona l , but small , matr ix elements.
For the present work wi th  Eq. (38) s-c shall need the exp.nsion of the Green

function in sines and cosines

~~ 111(i 72 p ’)J , (‘i2 p H c ’s  14 cos 14’ * sin 14 sin t o’ I

12. Eyges, I . ( 1978) AppI. ci~t. 17:1673.
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where  , the N euma nn f~ctc ,r , is I i f  I ‘ 0 and .! othe rwise . The deta i ls  involved

in ~uhst itu t  ing Eq. ( 4 1 )  c u t  (4 f )  i n to  Eq. (3 ~) are s im i l a r  t i  i those spelled out in

~~‘ct i - - i t  . ~~~ ~ ‘‘s inc expansi .ns t i l t  in i a t e l - t -  s-ield the as-stern of l inea r  htnnog ene—
ous algebraic equatii’ns :

( ; 0 4 4 )

ci her eas , U t -  t- a ;na : *  I .  ~ii.1 i i V -I v i t i ~ a inca i ’vrn tu a l l s -  j t r . i d u c  e

EL) ,, l i , ,  0 . ( 45)

t o -  i n t u -  ,‘‘t I , o I  ‘. u t i . -  isis - ’. ,  l - i j t : .it - - i a  s i r  e t t i r t  h i , i h  u - s t -t i  -c both . - ~I I  and
i~. s I t u ’  a;ua’ i t ’i r ’l  t I - ; -  4 4 1 ’  r 4~~i . (; and T ah i c h  are  l ine int e-l , ,  I’- .

gr a ls  ‘;~~.,-t ,si-..u! t he  j ut - i - i ”  u ’ t . - i - f  U . -  guide , i i . -  g iv en i s  -

f  ‘~~ ‘~~I ~~~i , ’) i t - S  (9 ’ - - s  54 ’ ‘ 1

a - - u i  14 ’ i u i r  54 - I a r t  f e  t - i ’~ ac)) ( 46)

~ t a  f  c~~~
’ F u~ ‘1 a n  I, ’ sin ~~~ ‘ - I ~ ( , ‘ , o ’)

Is  ‘t in I~~ ’ ‘ ‘‘u ~~~ ‘ - I - - a i
~~

’ s in  • 4 ’ J J  (47 )

w i t h

F1,, ’ .-. •
~~ 

- “ I ~~~ I • hI 1
(i~~2

, ’) .1~,, 111 i l — “ 2~ 
)1 I i  ~~2~~~~)J 5

(’tr
1

o ) )  (4I ~)

‘, • l  — c , II ~ ‘~ • ‘1 ~ ~ l~’~~ ~~~~ ~ ‘ (49)

The related i , -t er ir ’ . inanta l  equations are

del i t ;  ) 0 (50)
I s

del (T
1~~
) 0 , ( SI )
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(~ie can easily recover the f a m i li a r  dispersion relat ion for a weakly gutding
ci r cular  guide ~it  radius a f rom Eqs. (44 ) to (4 9) . C becomes diagonal (and Iden-

tical i -  T) because ~~~ • 0 and I”
~~ ~umes uutiide the integral. Then the condition

a) II ( ( i  s , a )J ’1 ~ 1 ~~ — ( i  
~ 2
’’ II~ ( t  “ 2 a ) J , (‘p 1 a) • 0 (52)

h..lds f r  a l l  1 and, wh en satisfied , gives the n-iodes c u t  the circular guide.

7. ( OMPI T~ 11O~ AL TH W4IQ( 1$

In t h i s  a c  t t t i  *u  u ’Ut l i f lC  s i t t i r  of the deta t l~ of our com l*itatiunal techniques.
I -c  t h e  ~s . - r  ~ ‘f h u s  pape r , F . (48 )  and ( 4 9 )  are modified in three ways. First ,
‘ I - ” Ilcasel f~it ’.~ ~~i - -r c t s ’ r i v at t s - r a  are v i t o -m a t e d  by ttse if t iuc ’ general recursion

re latio n

— !_ 
,

,~~i , ( 5 3 )

l i e n  U r  I4 .s .~u - t  t in - i t s  are rcp l*ced b~ M~~it t f i r d  Fte~ ac1 f unctions of the second

a~ 
~
‘ ~— U ’ l )  K 11a 1 - (54)

I n ;s l Is , t h e  at  gs~’nr r i t *  ~ I ant I  ‘,. i r e  expr essed in terms of a n ormal i z ed  pr-ups —
2 2 2 2

ti

~

t a r t t , I’ • u n - I  a t , i - r r n .s l i i e d b i n d i n g  Ci’f l*t Sf l t , ~) . P , fo l lowing  Goell ,
hats been ri r ’ --.a l , re d a-  - ¶ i -~iut  i t  v a r ie s  between 0 and I i,n l , whi le  .1 c h a ra rt e r iz e a

the z r - f r  is t i r e  index du f t e r e n i  .- , the a , t ~al Icr guide dimension and operat ing f rs’-

que n cY , hen,  c t i . -  extent I - a h t . - I t  the field exists outside the guide. These quan-
- r i c a  ar e  def ined t - ‘ be

2 2

I’~ ~~~~~~~~~~~~~~~~~ - —
~~

-
~~

k~~ - k ~ ~~~~~~~~~~~~

- ~. (k~~ - k~ ) 
2 b 2 2 b k  2 

- 
2

1 2 
(5~~)
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where b is the semiminur axis of the cross-sect ional  sha pe . • (~~e should note
tha t w i t h  these definiti ons epec if it - va lues - f b , 

~~
• n 1, and n2 a re not required .

One then obtains

• T ;i ~~l — P2 .
~’ ; ~~ P ~I ,.~~b . (57 )

With these modift-at iona, Eqs. (4 $)  and ( 4 t u )  c -an be rewritten as

“
• - (I.L) 

{
~ ~~~ 

~~~~~~~~ 

~~~ 
~~l - -

. P J  (‘L
b~

’ 
~‘ l  - 

~~~~ ~~~~~~~~~~~ 

_____

and 

~~~~~~~~~~~ - a)- --~- i ’
~

1’
~~~K 1 ( v

~~~~~i . )  -‘ 
( !

2~
;
k~~ ~~ l _

~~~~~~‘) (58)

~~~~~~~~~ • . ~ ~~ ~~1 t • 1 1 ~~~
, (!.~~~~A ’) ~ 

~~ ~~~ 
_~~ 2) ~~~~~~~~

(59)

T ’  c i st r a c t  n u m e r i c a l  results , f u r  t h i n g s  mus t  he chine . I- i r t s t , ,- ‘o~ must be

spe c i f i c u l , second , the m a t r i x  eleme nts (or  T 1 ~
) must be com puted ; t h i r d , the

root s ‘f the d e t er r n i n an t a l  equat i on r u st  t ic f~-un ’1, and r u n a l l y , for  em s -h r i - i t , the
coe ff ic i ents. ( i - i -  1 ) )  are t - - 1w found t , ,  w i t h i n  a n - u  r ’ al~ 7 i i i ~f constant so tha t the
f i e ld  conf igurat ion  can he determined from Eq. ( 41 )  - u  ( 42 ) .

r -  calculate the line in tegra ls  that compr i se  t h e  m a t r i x  elements there are
t w o  computat - -n al  possibi l i t ies . (in s ran express  the int cgrand s  in re -t ang-u lar

coordinates and in t eg ra t e  i -ver  d l .  d i r e c t l y , ‘u one an , - n vc r i  the line integrals

to  angula r 0fl55 ha w r i t i n g  ‘II - ( d l  44) 44 snd i n t e g r a t e  from l eft .  t 0  2 T . The
latter proc edure is clearl y desirable for st ra-ed boundaries  ( f i r example , ellipse.)
for which o and ~~ ~4 are  e ,nt nu.’us fui-tct r i - n a  - f  e, hut for rectang u lar cross
seetsona the direct un~ ,, rs t u t u n  seems m o re  s t r a i g h t fo rward.  I-or  the sake of

general ity in  the computer  programming,  however, we have ca lculated the matr ix
elements even for rectan gular boundaries by angular in t e g rat i o n , us ing th e  funct ion

b I ( rn s2
~~ f~’~) N 

(5~ fl
2

4)
N~~ ” l 2 ~i~ (60)

S
With  th is def ini t ion , 3 turns out to be one-half i-u t Goell’a corresponding quant 1t~~,
R.
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f - v  the perimeter . This gi ves a f i g u r e  wi th  a s.hort ax is  (a long 4 ii  2) - f lengt h
21- and a lung axis (sl ing • - 0, ‘I equa l t i  2~~b, w h et . ’  1~ is the  Aspe -t l~a t i i - . In
general, f - c  arbit rary H, Eq. I ’ M ) ti’ ,,u ribes a rectangle i f  t he  p ar a m e t e r  N is

13 - 14 - .c hu ’sen t ,  - be i n f i  u u r t  a (A I l a r i I  tsn tt  (,s.r dne, - ) snd an ell ipse if  N I . Sllapes
w i t h  I . N * ~ are call , ’ t “ suj s - r e I I ip s e~ (( a t - dn er 14 ) and tut u  be regarded as a
c . ’nt inu , us drfc r r u r s t i , i n  - -f an e l lip se h u t , -  ti r ectang le as N increases.  Sh~pcs w i t h
0 . S • N . 1 ar e  t -~ lled u u u t ’ e l t i j u s . ’ r * (G ar d ner 14 ) and an 1’,’ r eg arded  as a cc in t i f l -
u , ’us dr f u ’r n t at ,c ’ur  -f an el l ip s e  int o ~. p a r i s l l e l~ g r n u t u . N 0 . 5 gives a parallelogram,

f 0 N 0, i - -ii.’ i-u ti u r i s  f t  ~‘uru - s  w i t h  f -s i r - usjus , tend ing t i , ’u-~ rd cr oas.ed
a i r  s i g h t  l i n e s  as N 0 . eu’, henese, I in t h e  a i r , - s , ’  ana l~~s s~ the  rectangle and
t h e  .‘l~ r; ’a.- t ’e , , - r r , e  t h u ’  a j u : i r  ,- ~ nd i i i , ’  i i t  - I ,- u r s çw ’ i -t s -u ’l t .

In I- igure  2 .s , t i l t -  is t h e  - t st - j u t u t r f l n t  , - f a ’ - i t t . ’  i f  t he  at t ; i ;t , - i .  , .14 ainable  ( u t

va t  - - -u s  N A h i t  - 1. H c ga r dlr s s  - f i t t-  s-al r . - ~ • - !  N -~~ in Eq. ~~i ; p )  refl ection
ru s t -  r t  v i  r s  t i t ’  - i t t  t h e  ~ — an ’I — a x i - ti j u t  - - - I t . ,  .‘s ;u ‘ - I ,  r ,u - I f i gu r . -  h r i  ught i ut the Ii u r
;t:is I t  t i n t s . Thus , use - f  I u j .  ( ‘ M l  tu r u s s i !  v s  ‘ - n t f l i r t s  f I, I i i

~ 
-ve r t h e  , ‘n t r r . -

ra nge 0f f ,  t he:  c t - s  e l s n r n t s t r r ; g  Ut ,-  n~e.I - f su i x t iv i d i n g  e severa l  i n t e r v a l s
1 - - a,’ ii, - i t o  Its i i ”  a I - -n

I P r u ~ ‘i t s-  t t , . n a l  e r r - - u  ‘ne ,n t ,k e ’u  ~ ~~~~~~ F:q. ( ‘ , t ) )  ;,s an app r x i r n u a t t .  n t  a
-~ - - t .~’r~~I ,- a f - i - a g iven s - ; u l t ; e  N , n t . -j ’ ’ - i r ’.u - r r i  - f  I~. The en- : u tn  i~~ ) is w or s t
it  .- - t n . - : ’. i - i t t  I- , - . - - - ,- ru a - -  t i l l  s er s  r . i p t - I I s  ~- r va l ue s. i - ~~~~~~ a w - z~s f r i - r n  t he

c o r n e r  a , Vi e tt . . .• t N ft *h i , h g t s t - ’.  :, f ; i  . - - n . l  i - i - i - i  - f  0 . 0 12 tu t  t h e  corn er s ,
0. 00 ,f ~~ ‘- tegr  .-.- i a wa ~~, a n t  0~ 0 0) 0 2 ’, t t s o  u k ’? eu’ s a w a y . I - c  N 10 the  ~-~~l u i ’ - ~ *t
t he  u i . ” -. e U - r e ’ -  i - ~~~i i s :  p.u5 ’ ns  ir e  0. ( 4 4 f  0. 020, s u i t  0. 0 2 1  r r - c p e e t t t r l a- ,

lIe ti ; ’ . ,-  o f  ? i 5 t t t t - Ct : Uti~ - ? :t~~ g I ; u i s .  ‘4 ’  ~ an i  4 4 ~~l n ’ u’ I t o  be -l ii i— - - n i t  -s -r i

‘he i n t e r v a l  (0, t ’ 2 ) . \~ t i .  t h e  : i s r i a f - r : : t i t t  - n . - -‘  -s  2e , the y be , - i n c  su scept -

i bis’ t .  ( t - u ’ ! - ’ ~ s h e v  nt . - g t  a ’ n 11 11 , - i -  r t i n - I I ‘
~ w h i  it t akes  e qu a l ly  spaced -s-tn t s : “

the ing.-  4 - I , 1) w t i -  equal  u - ; g h t s . Genera l ly , 0 j ’ - ; n i r. w er e  su f f i ci e n t  t i  ob ta in
t h e  r • I sc curac- 5 al ti— - - :t g). 11v’ Ks we r e  t i ra de  w i t h  : - - t s n s  n -ce .

In u . r d e u  t -  ‘its ! q f , F r j .  4 - 0 4  - r I “ I ) , the I c i e r  : ni na n t s w e r e  t r u n ated and then
.- vt i i u s .t cu l  at u- - ; i t t i u i s  spaced values - ~,2 T I-i c - r,. -were I - i  ~ted isp j r .-

f r,” r t  he t ab l e  -f  th e se resu l t s , ti~ I a h s . l ( -u n t e r i ’ a l  sea t  I; (Ih ,rnbcc k t6 ) w a s  used
pin - I - - s - n ‘he v i s u i t e ’. -f  P2 u .  f - - t i c a : g n f t  t in t  f i gu r e s . The n st : : -be : -f t e r m s  t .

was  - I c ! rr n i u n e r l  e ’ n ; ’i r n  a l l y , a u t h  ! i s  - - t n  i t s  being s u f f i c i e n t  n m a ny  cases .

I - a ,-:: “ - ~r i f  is g wen g~:- iv , t he n, n t i r e i  - - f  t e rm s  needed f u r  a c e rt a in

It . Allard , J, 4 l ~~i-.4t M a t h . Ma g~ 3 7 ’2 l 0 .
14 (,arinrr , M .  4 l i ~0 ;c)  ~ u - u . A~n . 2 1 1 i 2 2 2 .

-, - i i i  l ’lchranu -I , 1 , It . ( l ~~’u ’;) t nt r .  ‘ubii -t Ion t ,  - Nun e r u-a l Anal�-sis , McGraw 14111 ,
N ’ t ,  p 13 0.

l~~. Ui - ’-nbe,- k , R . W . ( 1 i 7  ~‘) ‘s ij r t e u ; e a l  Meth~4,~~ Quantum Publu shers., N . ‘V . ,
p “

—
‘ -

27

____________________

-_-- -

~

-

~

-

~

- -

~

--

~

- --

~ 

_ _



Fl 
- _ _ _  

~~~~~~~

N 
1 0 )

• 0 1

• -— -- - — - —- - - —-—- ——--—----~~ -- —-----‘~ ---

a a S a c

I- igurr ’ 2 1, 1_ it tu ’ the I u n , t i . n ,- ( ~~) t , r s r n  it  I- quat  ..n ( ‘.0) for
0 * 2 i ~: l s , I~ i , an~ V a , - t - - u s  Va iue~ - I N

~hs . i i l u t~ act - u t  is a- :n ~, u t -c a  n- I depend -n ~ i l - -ise ver , In general , d i f fe rent
- 1.-s : equ re - I . ’fe r c’ii : ri : : o i i r r a  - f  ? e t - ~~s i. give r e su l ts  w i t h  th. earn s a ccura cy .

Tine c “ ; - t; t ti ’ n s  w e : .-  - i s r r u e d  - - i t t  - ~ 11W -f t ’ -00 i - i - ’:-pu !er . The t i m e  requ i red
-
~~ ‘r e a r  ~s ; -r o p o r i i - n a l  t .  t i r e  square  - f  U~~. d i me nsi o n  -f  the determinsnt , for a

k’ ~~~~~~ nnr - r ?w’ r . - f  r - ~~-i .u a n - i 5i - i i t r a -  v . Thus., a t h ree -t ern i  t runcation procedure
us. i ft ‘i v ,- 4 -  i ou  a ’e three r a t s .  ~~- w i t h i n  0. 0001. t ain g four or more term s,

-
‘ :.~~t; a1I ~ n ” a : b l e  I - -  s e a r -  Pt is l i n t  ted r s ’gu - n near a root anti thu s save t ime .

& R ISI l T ~ k’iaD CoMP~ MI~fl~ 11TH OTHEI b R?.

~% u ’ have in ;’rs . tugatsl  the pru -uper l irs. u - f  weakly guiding waveguides having all of
‘ h e  V St :ouS c roSs s.eu ’ t - - n s  d e s . c rubed  in Sect ion 7 and sapeet ratios rangin g between
I and 10 , In t h i s  section we preasn i some ~ ( our results , to demonstrate th. uti l-
i t y  of the method and mske comparison s w i t h  previ ously published work  for the
more ‘- tuni m on sha pes.
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1-~~ir  the r ect a ngular waveguides hav ing aspe ct r ati os I - 2 we have
Located un re tha n t w u  dozen uti odes. in the range 0 - , i 4 h e c  urvee f i r  the

propa gati.. ’i constant s (P 2 versus ~) corresponding it ,  appu ~ -sun ate lv  the f i r st
doten modes for eat -h aspect rat i i ’  ar c plotted in Figures 3, 4, 5, and 6 (or ;~

values up t , i  2. 5. Each of these curve s correspond s it .  one of f t - u t  type s of f ield
tsinu -t i on  when a ~~~ Eq. (4 !) )  or , - nu e - f  a t e  types when ~ I ( see Eq. (42)) .

These f i e ld  functions are  designated ft 1 through it 1
~~, The tnud ’i . t - orrespo nding t i

the n -th  t i i 0 t ‘i f  the X -I tr type i - f  determ inant (see Eq. (SO) or U i l ) )  is designated
K~~. ( Thus , the f i r s t  (nonc utoffl m d c  is labelled ft~ because it invo l ves a cosine

eepansu’n w i t h  even indices.) The ord er ing w i t h i n  a ( a : r r i l ~ is governed by tine
value of ,u at w h i c h  i u t , ’ f f  ‘ - u t u r s , fl • 1 designat ing the fliode which ruts oft  at tine
sma l le st  ‘. S i n c e  f - v  -‘ I cer ta in  hi~~des ‘ c r i es ..vrr~ ( f o r  ees.mple , see and

on F i g u r e  4~) , this chc ,ice must be kept in mind  when considering uni . ile .  at
values . .(  ~ above the i - r i .ssuve r ;. - int l ( I , - r  ezarnp le , see the va l ue s of  :4 for  these

ear:r e t w o : : ti .dr s .  to  Table 4) .
As w a s  fl -t v I in ‘- v .  t t i - n !i , the  spe t t t s i  svmtr e t r y  . f  the square -au see tine even

cepanssons t~ - s;’l r t  n t -  i - , . -  series rich, Thu., consider the t *o  cosine eapansions
i f  l’ qs. (42 a  anti h i :  I P. r ‘s c a t  :i~ .4c d e t e r m i ned using  Ei~. (42a )  is th. first mem-
ber - ! ~~~r ft 1 fi s : : -, i l y  ( t h a t  - a , H~~I and its f i e l - I  exp ansion is given as I i  •

- - - s 4 ~ • Whs ’t r a s , t h e  fi rst  ~ t - - - te  I r t v r r r r i n e d  u sing Eq. (4 Th )  turns out to

he the third :- c:rt i ’e r i - f  the m a o - ic  ‘s.t -t  i i i  ( PiCni C , H~~) whose f i e l d  expansion has the
( ‘rn - i 1 t 2  i i i s .  ~ ‘ ( , J ~~ I oS “ .~~~. . , .  However , for the rectangular c ross
sect io ns. 4~~ ‘ I i , t h e  f i e l d  expansions f i r  all  ever  - osi ne nrodes take the form

coa Z • (~f~4 cue 44
A c ruc ial question oundsr ly tn g  i-s t r app roach is : lh,w many tern -is must be kep(

i n the determlnanta ! Eqs. (SO ) and ( f u l l  in order for  the r t . ’t s  to  corn’erge l i i  de-
f i n i t e  va luee ’ We no* address t h i s  question .

The convergence i f  the expansion is rapid for bot h the squa re and rectan-

gu lar guide.. For the square guide, Table I gives the value , of P2 obt ained for
t h is  mod e a ft er  t ru ncation -f i- q. ( ‘~fl) at 1, 2 , ~‘r .1 terms for  selected values of ,i .

— Clear ly ,  the t wo-term trun cat i on Is only a small impro vement , in term s of locating
the  r ,~~ts , on the s ingle- term result , wh ich  us obtained by setting G00 0 in

Eq. ( Sf l .  Moreover , tine ext ra wu ’r k  involved in t ak ing  three terms leads to no
gain w hatsoever. In view of this , it is reassuring tha t the ratios of the second
te rm ‘f the fie ld expansion to the f i r s t  (C 4J 4 — C 0J0

), and the third to the ((rut

~
‘r e  C0.10

) sho w ths.t the term is dominant for this mode. The term ratios
listed in the 5th end 8th columns of Table I were evaluated on the perImeter at the 

f 
-

middle of one side (tha 1 a, o ‘ b, 4 - 0) . SInc e and become smaller as p

211
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Figure J . Modes. Qi the Weakly Guiding Square Guide. Dot s were taken from
Figure 1’. i ’f  Ui-tell ’

i-0

050 ‘-~~~~ B 
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Figure 4. Mi-des ~f the Weekl y Guiding RectanguLa r Guide wIth f t .  1. 2
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I :g u t  .- - - -des -f t h e - V-i , i ~ (i  v t u i d in g  flectangular Guide a ith • I .  S

— PRE SENT WORK
~ GO€ L t , ( R ~~ ~~~00 ‘ai PER TI.mBATIOPI T ,l(OR’r(RE F Ii’ ) ____________ -
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B

Figure ~~ . Modes of the Weakly GuIdIng Re-~tangular GuIde with  ~ ‘ 2. Squa re
point s were taken from Figure 17 of Goell. ’ X~ts represent results of a per-
turbat  I~ n calc u la t I on  for the R~ mode
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Table 1. R esult s for the Dom Inant (N oncut o ff) R~ Mode of the Weakly Guid ing
Square Gu ide. Listed values of P 2 we re obt ained a fter  a 1- , 2- , or 3-term
t runcat ion of the field expansi on. Term rati os derived from the 3-term solution
give C4J 4 r oe 4, ~‘&o and 

~-‘8’~8 c.iS 8 U &o at ,- b, • - 0. The flcld int ensity
at p • 5, • 0 ii al it given. Th e intensity  at , 0 ii 1

‘Ferun R a t i o s  at
Perimeter  (, 0) l

~~~~~~~ e~
t

.~4 I Term 2 Terms . 1 Term s (
4J 4 

(~~J 0 
(

8J 8 C0J 0 
(~~ 0)

3.0  0. ~S I I  0. ‘ 1f ,.I~, 0. ’~S4u . —0 . - I l l  0, 000 0, 0~’3

5 0. ~‘t2° 0, 9J 71 0, 9:;72 —0 . ,~o~i; 0, 0009 0. 032

2. 0 0. 9023 0. ‘10 72 0 . 9072 -0 . 2 1. 4 0 . 000 - 0. 04~

1. ~ 0. 844 : 0. 84 ’7 0. ~4 :~7 -0 . V’~4 0 . 000 ’t 0. 07”

1. 0 0, 71:: 0 ,~~I 7 ’  0 , 7 1 7 -  -0 . 089 0 . 0004 0 , 1 4 4

0. 5 0. 1 . ,1 0. I ‘O 0 . i ,f~’I  ~ (I . 112” 0 . 0003 0. t 7 1

de creases , the  • .-ro i  t i l t -  i t - v  ~ e ’t . - ra~~k g v i - .’o i i - i . ’ s.t t i e  ~‘er i ’ ., ’t et  s.nd as but t :

rorist itut e th e w - - r a t  i~~~~~~ r f, - - - nv . ’ : ge n  e . ( F  - - r  ~1 3 at 4 , , • (0 . ‘~I’ , 0) the

t e rm ra t i o s  a i r  —0 .00 7 an t  ‘ 1° ’, : l - M ; w’ t :~~ e~~ The r t i e n~~ :?~ vi 0, ‘- 7 ’ - , )

Table I . - ~ I s is  the ~~e l - t  tit t ens. ’’ -it , i t’, e 0, ! : - - v v : u ih 7ed t -  a va lue  -f

1 at the center  - - f  t h e  ~ ‘. - t e . I - - th e ~- - t e  ~~~~~ t’- ’u r t t  c ases , (h i gher  ~) , t i e

f i e ld dr ops ~ f f ‘- - a ‘C * pet ent at ‘~~ e i - 1 4 0  * P - i - v  t o ’ . f - - i  w e a k l y  i- i  t :n-t c a ses
smaller ‘1 t~~ ,’ ; ‘:!enisi t s  -‘  u ’ : I l  ~~p t - v r - .o t - ~ ’- 11 cr ,-  t n ~t i ’  .oI t - ~~ I I t o ’ l v - t o t u - ?  f r a r —
i nt o f t I e  bes.m - ‘ ext ending be yond ‘ I - .’ ,‘L i i ? i I -~ ~, ( Th i ’  - t on  also set ’ that ‘ -u

lit iS C  i ases  ti a 1- - 1 the  sr - v : - t  ‘ c i  i ( ’ t  ~2~~) - t ,ke~ the l a r ge s t  j C !  - t n t  t -n-

‘r u b ’  ‘- the ‘t e l d , ? h .  1 - - t a l  ~~ ej ~~ 4 5 i i ~~~ * tOi’ v f ’ S .  f - - v  w- e sk la  t i ’ - o u :i - u . n .  th e

- ~- 1. ‘~~~~~~ -‘~ a a ‘‘ -o  1 a r a 1~~v t  f r s -  t u  vi Ol -i - - -v i a  1 . - i  i t - i l - - l a t ~~’— i u , - ~ P . ( f . i , n u l a r l o

in ¶ P t V’ rt ’e v  i t . 11- c O cr  r O t  - u n t r t b u t i , - n  - f  t i e  ar  - r I  t i - r t - . drop . qu i c k l ~ as the

f t c l d  i r i t r f l q t t v  u n i - r eesr a , ) V i e w  t:~~ ‘ ( . e 0,vi -  - I t -  as a a t:, - I c , t h e n - f  no’ , a l l  t e r m s

beyond 11-c f i r s t  -ne v - - t o t e  iu n t - - i o ~ u-1 :t i - n t r v t , u t i -n a  I ~~~~ t i ’ t a l n t e n a i t - i  f u- the
-1 , ’t -nunto nt r iu t t i e -f t he  square  guide . rhe a i o ’ v : r  h olda t r u e f - v  r e c t a n g u l a r  ‘

a e, - t  i - - n a .
In Fig ’  -c 7 the f ie ld  u nt en a i t i  u s  p lotte d as a fund u - n  i f  , 1- f t , u -  t h i s  mode bot h

along a I o n t i-i , - - u gh  t he cen te r  u - f  t he  1-e t u - i c I e r  (4 ‘ 0”) and alcong a diagonal
(4

We a lso -~~ i t a u t-u g ’~
,-i i - i nve u -grn i  e t i  t he  f ie ld  expansion s f o r  the remaining

(cut o tfl modes. Tsble 2 compares the I - , 2 - , ~~- . and 4- term t runcation results
-f  Eq .  ( 50) i~r ( “ I )  fo r  th. f i rs t  several models of the square. Comparing the
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Figure 7 . f ’ i e ht  1nlo-naut ~ t o s  a I un l i - - v i  - f 1 f i r  the  fl~ Mode t f  a Square (;uid,
with 1 ‘ 3. The t ’ * t u  values -f  • - ( t i - s e n  ‘ e m i t  e ’sent the ext remes of the  intensi t y
d i s t r i bu t i on

2 -  and 4- t erm t runi -a i i .i n s , we  see ths.t  t ’nl~ t~~ - u te rms ar e required for an a rc u-
-p

rac y - f  0 . 01 in 1’ ‘ u n  7 i - f  the  f i r s !  I t  t ea  ‘ -1 t h e  square . As f i r  the remaining
modes , t hree ICr In s are s u f f u c i ~~nt !.  b r ing  the at - eu ra i -y  i ,  a u t b i n  0.01, rx ee~~ for

the degenerate I 1 -fl~~ r” - - t i . - , A 1- u i  h is a t  , urste t~ w i t h i n  0. 02.

Table ~~, w h i c h  also l i s t a  the ‘- t i - i t t -  d e s igu at i cons , sp ec i f t i ’s  on its last column
whi ch term ~ d ’ , u u i u n a n t  in the  field expansi on . This is i n du rat ed t’~ the underlIned
value , Thus, we see h t o t  ‘u - r m i -  ‘it of the nt i . r lo ’q  the  f i r s t  t e rm di es dominate , and
it is t h i s  t er n :  used alon e in Eq. ( 50) or I t 1 )  w h i c h  produces the  I — t e rm t runcat ion

r~ quI t  in Table 2, 1 or  example , ( p., 0 wa s used fo r the mode, T22 * 0 for
the R~

11, 144 
- 0 for the R~~

1 
~nd eithe r G 1 1 i n  T 1 ‘ 0 for the degenerate

mode . The observatIon st ated sbov~ conc erning the R
1 

mode is generally applic-
ab le to these other n-ui-ides. Tha t is , for  man y modes the higher term . in the
expansi on are comp a rable in magnitude t ,~ the first term only where the field
intensIty is small ; other wise , the y ar e negl igible.

11
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Table 2. Values of the Propa gation Constant , P2
. for jl • 2 for the FI rst 13 Modes

of a Square Guide s Obtained w i th  Determ inanta up to Order 4. Modes are ordered
accord ing to the value of ~ at (- ut off . Our mode designation and Goell’s are lIsted,
and the dominan t term in the field expansion is indicated by an underlined expan-
SIon index. With 1-term truncat ion , the dom Inant term onl y is used

Mode
Designa t ion 2

This .( a t  ________ 

P at $ 2 
_________ Expansion

Work Goell Cutoff 1 Term 2 Terms 3 Term s 4 Terms Indices

R~ E~’~ 0 0.9023 0.9072 0.9072 0.9072 2, 4 , 8, ...

~ lI ,,.x , o ’~
1 ‘ t ~ —,- ‘~ 0 . 70 0. 7~ 4,; 0. 7 1;I4 0. 7688 0. 7695
IV . x . ’ i (H 1 F 1 ,~j  

!,~~.

H~
11 F~~’ 

‘
, I .  0-4 0.6107 0.6321 0. ;;23 0. ‘;323 2,6, 10,...

H 1, F ’
~’ ~ 1.10 0. u03 7 0. “410 0. -v 4 ’i7 0. 5458 2,~~. 

8, ...

H~ E~ ’ ~ 1. 17 0 , ‘~t ’~0 0, ~~~~ 0 , ‘44 ’~ 0. 5446 2 , 6, 10,

IV .x , % ”
~ I ‘II, I . ,  

~~1 . ,J
_ . ’’’- - - \ 1. 4 1  0, t4t ~ 0. 17 S4 0,3850 0.4 071

H 1,t i:~~ ~J 1, 3 5,

Hi: ) 
~~~~~~~~~~~~\ 1. .~2 0 . 2 ( 00  0 .22 10  0 .2 461  0 . 2447

I .!.. ~~
1. 74 0. 0784 0 .1508 0. 1892 0.19 02

1.81 0. 0 ’ ’l 0.11 1 8 0. 1240 0. 1243 2,6, 10,...

1.87 0. 0914 0. 1091 0. 1089 0. 1089 ~,, 8, 12,

However , the re ar e somP modes f i r  wh ich  the •econd term in the fIeld exp.n-
4 0 - 0  a t h e  most impo rtant one . For example , the f ie ld  intensity of the mode
of the squat-c guide is plotted in Figure  8. It show s peak. at t wo dif fe rent radial
rt u s i sni-el f r - e u-ru the center.  In the peak near the origi n, the C0J 0 term turns out to
be the ok-uuo inant i -ne , but in the second peak the first term rat io ha. values rang ing
t o ’  ‘- ~ 20 and ‘i con sistentl y greater than 1, showing tha t the C4J 4 cos 44 term I.
‘ite ri -at  impo rtant -n e th ere. For this mode sett ing only 044 

. 0 produces the
I - t i - u t : :  t ru f l ca tuof l  result shown in Table 2. An~~her exan :ple in wh I ch the second

34
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Figure 8. Field Intensity as a F u n c t ion  i t  ,. b for  the It~ Mod e of the Squa re
Gwde w i t h  -~ ‘ 3 and Va r ious Values ii !  ~. When , - 0. 4b the second term
(C 4J 4 cos 4 1  dominates the f ie ld  expans ion. See text )

term p redominates i~~ the degenerate R~~’-H~ mode. Here , the 1 -te rm truncation
result wa s o~~at ned by setting ei the r “r T33 - 0. In such ca ses as the •e , It

is obvious fr om a perusal of the Table 2 resu lt • that a I - term trun cation Is inade-
quate for proper convergence and that at least three terms In the expansion are
necessar y .

The mode is an example In whIch even tho ugh the fIrst term is dominant ,
the other term s ar e st i l l  makIng  a s ignif icant  contr ibution.  From Table 2 one can
see that here , aI oo, t hr ee term s are  required in the expansion.

Tables 3 and 4 give the same t ype c-o f Info rmation for the • 2 re ctangle as
Tables I and 2 did for the square. One would expect the convergence at a given
order of t runcatIon to become Increasingly worse ~or higher and higher modes.
This I. borne out In Table 4. h ere are show n the e ffects on P2 of t runcating up
to seventh order for the first 13 mode, of the ~ 2 rectangular guide at s fixed
value of B. These results demonstrate that either a 2- or 3 -term t runcation Is
sufficient for an accuracy of 0.01 or less in P2 for 7 of 13 modes of thi. rectangle.
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Table 3. Res ult. for the Dominant (Noncuto (fl  H~ Mode of the Weakly Guiding 2:1
Rectangular Guide. Listed value s of P 2 were obta ined after a 1- , 2- , 3-, or 4-
term t runcation of the field expansion . The field Intensity at two points on the
perimeter is also given . The field Intensity at ~ 0 is 1

2
intensIty at

1 Term 2 Te rm s 3 Terms 4 Terms • 0 • • ‘2

3.0 0. 9512 0 .9732 0. 9726 0. 97 11 0.007 0.023

2. 5 0. 9333 0. 9628 0.9607 0.9597 0.009 0.03 1

2.0 0. 903 5 0, 9444 0. 9406 0. 9402 0.0 13 0.047

1. 5 0. 8488 0. 9074 0. 9022 0. 902 1 0, 023 0.075

1.0 0 .7354 0.8 170 0 . 8 l l o i  0 .81 18 0. 047 0. 142

0.5  0. 44 5u  0. 3149 0. 5122 0. 51 24 0. 1 5 5  0 .355

Furt hermore, for the first mod e of each family (that is , R~~), the single-term
truncation provides accuracies in P2 ra nging f rom 0. 04 to  0 . 14. ~ s on t he case
of the squa re, the 1-term t r uncat ion results •hown on Table 4 were obtained by
u t i l i z i n g  onI~ the dominant t e r m  in the appropriate det erm inanta l  Eq. (50) or (5 1) .

82 E~~ptitii Cia. ~~‘tia.

The same c *lcu lat tons  w h i c h  were per formed for  rectang u lar guide. w ere
repeated using c i r c u l a r  ~~ ‘ 1) and e l l ip t ica l  (~~ 1) c r-i-isa sections. Althoug h the
mode. for the gene ra lt7cd ellipse are descrIbed mathematical ly  by the same fou r
fo rm s listed in Eq. ( 4 1 ) , they are labelled I-~ through E~V In order to ident i ty them
as per ta in ing  to the ellipse.

The propagation constants u - i f the c i rcula r guide, whic h art -i t he same (that is ,
degenerate ) for the a ine and cosine modes , derive fro m single-term truncation .
They are shown over the range 0 ‘~~ 2. ‘~ in Figure  9 . As ~ inc reases from 1 to
2, th. sine and cosine modes split and shift . The result. for ellIpses with fl 1.2 ,
1,5  and 2 are depicted In FI gu res 10. I l , and 12 , respectively. These modes are
qualitatively ve ry s imi la r  to t hose of their rectan gular coun terp arts shown in
F igure. 4, \ and 6. In tact , if  one make . the correspondenc e — R~~, t hen the
order In w h i c h  the first do r en modeS of the ellipt ical guides reach cutoff is nearly
the same as the orde r for the rectangular gu ides. Moreove r , the actual values
of $ at cutoff are similar for the two shap es for all L Table S gives the actual
values of $ at cutoff for ellipses with I ~ ~ 2 and also , for comparison, for the
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Fi gure 9 . Modes of the Weakly Guiding Circular Gu ide

t O -

p 1

0 4

F igure 10. Mod es of the Weakl y Guiding Ell ip t ical  Gu ide wi th  ~ 1.2
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Figure 12. Modes of the Weakly Guiding E llip t ical Guide with ~ 2
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Table 5. Values of ~ at Cu otf for E l l ip t i ca l  Guides w i t h  Different  Aspect Ratios
for  a ~ ectangula r ~ u o~~’ w ith ~ - 2. Asterisk . ind icate where the designations

and E J~ should be interchanged

Values of $ at Cuto ff For
Mod e for  EllIps e 

________ 
Rec tan gle Mode

Designation ~ 1 • 1. 2 • 1.5 R 2 . 0  R 2. 0 DesignatIon

14 0 0 0 0 0

0. 78 0. o;ii 0. 58 0.48 0 .42  H 1
1
1

0. 78 0 . 74 0. 72 O. o;7 0.60

1 .2 3  I . 12 1 .01 0. 02 0. 7 7

F 1
, 1. 23  1. 07 0 . H 0 . 72 O , o 4

14 1. 28 1 . 2 2  1 . 18 1. 15 1 .08 H 11

F1
,’ l.~Y-i 1 .48 1.30 1.13 0.°~-i

l . ’3  I , ‘- ‘.  1 . 411’ 1. 17. 1.18

F? 1, 77 1, 4~ 1. J~~• 0 . o •  0. 87

1. 77 1. 72 l . t 8

2.03 1.82 1.52 1.20 1 .12

2. 03 1.83 1, 1.0 1. 33 1 .14

rectangular guil.’ w i t h  i~ 2 .  Fu rt hermore , the correspondence between the EX

and K m modes extend. it  the  fi eld co -o fi gu r at  Inns , w h i ch  comp rise ~‘erv similar
patter ns.

The qu a li tat ive s i m i l a r i t i e s  between modes of the rectangular and ellip t ical
gu ides  o pp r  - i h  numer ica l  agreement as the aspect ratio becomes Large . In fact ,
for H • 10 the first few modes of either  shape guide are v ir tu al ly  indist inguishable
‘-r  .-~ “ I . .. In general , the propa gation constants for either diffe r by more tha n
0. 01 only very close to cut o ff .

40
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83 0th.. SkIp..

We have used ou r  t es hniqu c t o  study  the propa gation modes , f  guides of cer-

t a i n other  sh~pe~ obtainable  h t i ~~ Eq. (60) , ‘, ‘st ly  w i t h  1. Among these were
superellopses w oUt  N 2 an d  N -i. and a soaped shape der iv ing  from N 0.3.
See Figures 13 thr ough I t .

‘ 0 ’
p.

Figure  11 . Mo des u- i f  t he  ~& e a k I v  ~.t ~~~~ ~-ut1; - ierr I i l p f  it -a l ( u , d t -  w i t h  I~ 2 , N 2

‘0
pa —

FIgure 14. ?.todes t- f  the Weskl~ ( ;u ,ding Su per ellipticsl  Guide with ~ 1, N ‘ S
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Figu re I S . M odes o f  the Weakly c ;u id ing Cusp-Shaped Guide w i t h  i~ • I , N • 0. 3

There ar e  many s i m t l a r o t ,~ s between the el l i pt ical  and re~’tangul ar guides, so
it~ is  n .  surpr ise  th at  a l i  the measu r able  char as -t e r i s t i c s  of 11* in termedia te  super—
e l l ip t i c a l  sha pe (the pr opagat tu n constant. , f ield conf igura t ioos , cut o ff va l ues ,
o rder i- if  t he  o- 4c~ ttepet-ok ’nu r Otu I’

~ , ‘
~ronvrrgencc of the series ) fall between

those - . f  the t w o  fo r :~~er shapes. In fact , t .-o - N • 2 and ~ ‘ 1, t he supe rellip .e

(Figure l~~i is c - loø~~r t the square than the s- t i t le in all respecta~ and fo r  N S

( Figu re 14) it  is ; . r o t o .  a l l ~ indis t i ngu ishable  from the squa re. Fo r  1~ • I the
r t ~ dc~ al l sh ifl  in a s ,~~- -~.th and order ly  manner as N cha nges from I to  30.

The otvr r gene c of the series is ma rg in a l l y  better for the e l l ipt i ca l  shape
than (or the  .uperellip .es and rertangles.

The cusped shape (F igu re I S)  is quite different In appearance, and the charac-

t e r i s t i c s  of the modes reflect this .  The order in which  the modes cut oft is quite
di f fe ren t , as are  the propagation constant s themselves.

84 ~~~~~~~~~ d t~. nod.,

One can demonst rate that the individua l modes “evolve” as the aspect ratio

cha nges. Figures II )  to 20 show the propagation constant s of certain selected

42
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Figure I? . The K? Mode of the Weak ly Guid ing Rectangular Guide as R Change.
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modes versus 3 (or d i f fe ren t  rectang u lar ~‘rosa sections , ranging from a squa re

t~ t an elongated rectangle . The behavior depicted here is typical of all modes in
that cutoff occurs at smaller 3 as increases , The evolution of these same (lv.
modes (or a conhinue ,ua change in a displayed in Figure 2 1 for two va lues of $.

For certain m odes the dependence of P2 on is much stronger than for most f

ot hers. This is espec ia lly evident in the H 1, mode (see FIgu res 16 and 2 1)  and the
H 1

11 (Fig u res 17 and 21 ) .  The ~~~ mod e (Figures 18 and 2 !) . wh :ch a degenerate
w i t h  the H~

1 for ~ • 1, shows onlv a vers- small  dependence on ~ . This difference

can be understood when one refers to the field d iagrams for the various modes as
IIshow- n in C~~etI .  The H 1 f i e l d  has tWo maxima along the x-a xl.  (the long three-

t i - i~n i  and ~nr alon g th e y -axIs , where as the revet -se holds t rue for  R ’~V . A. the
x -dtmens tun  is len gthened , t he t w o  ,~ll lobes spread a considerable distance from

IVthe - s -in t e r  along the ~-a xis , w hereas the H 1 m ax i m a , although squeered some-
what , ~i -  Oot sh i f t  s- d r a m a t i c a l l y .  In other words , the greater distor t ion of the

fi e ld  resul ts  a grea ter  change in the propagatIon i - i’nstant as Increa ses .
The same holds t rue f t - c  It 1

, an d i(~ (thr e , ’  m ax ima  on -n.’ direct ion , one in the
other )  and R~ and I f - o r  and u - n e - ) , As a eon t r ~ Nt , F i gures l~ , 20 , and 21

dts pIa~ examp le.  of  n i ,~ ierato dependence u f l  ~~~, as evidenced by the H~ and
modes , reep crt ive-l~ . In F igure  2! one can see much more v i%’ idl% -  such effects
as the  sp l i t t i n g  i the degeneracy in th e  H~~-fl~~ mode as the c ros s section depa rt s

a sq ua re , and , the m - s s m t t ~~ of the R! propagat ion  constant curve w i t h  t hose

-~ ( t h e R~
11 and ~~~ ~

- - .des as  inc r ea se s.

-ne s- sri also see f t - ~~ t f i gure s  aut h as 17 , 19 , and 21 that (or v et , -  clongited

rect a ngles ~~ ‘ )  t he  propa gation cons tant is independent Of  ~ except at small .3.

Thia  suggest s t hat t h e -  greatest  f o e ! - !  s t r e n gt h s  os - s-t ic  near the center and tha t the
flt e f l t t~~, at t he  r n - t f l  is c , , n s t c j c ra L- i l~ le ss. This  is indeed t rue ex cept  near cutoff

( s m a l l  °‘ wh e r e  the u ’!-! spreads ¶ h r - iigh -tmt t he  g~; t1i’ and ext end s tn t - the sur—
r. ’u n dtn g r e - g i n .

In !ru , - mn ~ ‘ ta’ ‘ e r - - l u t i on  of a ~‘~~de as i’
~ i nc reases  one can avoid confus I on by

. n ~~n ing  the- f i e ld  rsu n ( I g u r a t i t -.ns . It happens , fo r example , th at the R~ mod e
f or  w 1. .~ - or r r s p e- tn i jq  I . ,  the  R~

1 mod e f u r  ~ I .  -i , and vice versa. Tha t Is ,
the f i e l d  pat tern s a~~- -a tha t t h e -  same rn -i’d.’ w h i c h  derives (rum the second root o(
‘he c--~ tt~~! t - n  dr 4~~ I • 0 when t h e  shap e is c i t - s r  t t -  square , corresponds to the third
r u t - !  whe n the c’ - . .  sect l t t f l  becomes elongated. Put another way, individua l modes
ma’ ‘ c ross - ver  as fl chan ges (j us t as they may as 3 changes). Howeve r , the
d e s o g n a t u -  H~ is defined for a p ar t i cu la r  gu i de (~~ fixed) , io correspond ing modes
t a n  he Labelled d i f f e r e n t ly  for d i f fe ren t  ~ . In Table S a s imilir  circumstance

s - u i .  ft - c ellipses,
) ‘ -r  the (i r~~t ms--ide of each famil y (namely we fi nd that the series converges

flea n v  as w e l l  f r  larg e aspect ratios (K 10) a. for cases with fl close to witty,
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and four - te rm t runcation provides reasonable a ccura cy f i r  the set-ond mode. ~*a
well .  However , for the higher modes i f  each fam ily, 5, 6, and even 7 te rms
were required before the values of I? w o uld be obtained t i - i  a ith tn  0, 03 for such

elongated cross sections,
Figu re 22 exhibits the sanic smu ~- i , r , t m a t i t - i n  for t he ellipse as was displa yed on

Figure 2 1 ( s - i t  the re ctang le . As be fore , one s-a n see how sens itive each mod e is
to change in aspect ratio , and , how- a h uM!,’ ( h i  exa mple , t he E?.14’7) wh ich is
degenerate for a c i r c u l a r  (1~ . I)  c ross section sp l i t s  as the cross sect ion becomes

ell i p t i ca l ,

—
— $ 5 1.0

I —  

-

_ _ $52 .0
, I — S —

/ 
.~~~ 

— S

‘‘a. .-.—I.

a z .

0
1.0 1.5 20

Figure 22. VariatIon of P 2 w i t h (‘hang . in Asp ect Rat io  for Some of the Fir st
Few Modes ‘if  the Weakly Gu id ing  F , l l i pt k -a l  Guide at Ta- n Values of 3

Figures i~c to 22 demonstrate how different modes are affect ed by a change
in the aspect ratio (~~) for a fi xed rectang u lar or e l l i pt i c a l  shap e. This was
accomplIshed by keeping ‘~ constant on Eq. (60) and varYing 11 ( i f  course, sim-
ilar t ypes of analyse, could be car r ied  out (or changes in shape (N )  as the aspeet
ratio remains fixed,
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It is w el l  known that the problem of finding the  propa gation constant s of a
waveg uode having a particular geometry is identica l to the problem of findin g the

energy levels of a quantum mechanical potent ial well whost~ potentIal has the sam e
geomet ry as the waveguide . The Iletmholt z equation inside the well , given by

- F ’ ). • 0, where v 1 is the well  dept h , 1 E I  Is the energy level depth
and is the wave funct i on , Is the quantum mechanical counterpa rt of our Eq. (2) .

The Heimholt r equation outside the wel l , given by (~~~ E~ )~ • 0, I s the quantum

counterpa rt t o our Eq. (3) . Thus, for the cases cons idered here, the re Is a one -
to-one correspondence between the appr opriate component of the eLectromagnet ic
field E , B, or .i and the quantum w ave function (~~~), between lv !  - t E l  and

a k~ - k~, between I F .l  and ~~~~ 
a k 2 - k~, and between i v !  and • 

~~~~ 
a

- k~ . Moreover , the variat ion in the propagation constants of the variouS modes
w i t h  changing 1~ but fixed shape (see Figures 16 and 22) is suggestive of the changes

which  the energy ieveli would exper ience, including spl i t t ing of degeneracies , as
a pert u rbing influent e is applied to the  potent ia l  w e l l .  For the waveguode cases
t reated on Figures It ; t -  - 22 . the role of the perturbation is played by the changes
in the guide ’s aspect ratio as its  sha pe remains fixed.  Also, as was mentioned

above, it is possible tha t the role of the pe rturbation could be played by the changes
in the guide ’s shape (or a constan t aspect rat i - i - i.

St C~oap~~ os ~ øh 0th., ~ ow~

In order to test the c ( f i i a-i~ of our met hod we comp are our results w i t h  pre-
viously published data.

For guides s it  squa re anti rectangu lar  cross sections, there are mainly the
results - i - i f  GoelI. 2 His met hod con*ists of  matching field component s across the
waveguide boundaries at a large num ber of points and then, similar to our method,
,-ib a tning a d et ermmn *rmt a i  equat ion w hose solut i on s are the propagation constants.

From these s o l u t i -n a  he t hen detert-n ine. the coefficients in his f ie ld  expansions.

Mar cat ii i , employ ing a simi la r  method, analy7es a few cases of the rect angular

guide having various aspect ratios. Evges, 12 on the other hand, ut ll ixing the per-
t u rbato-in techniques mentioned in Section ~~, investigates some of the lower modes
for guides having small values of ~~~, Bot h authors report data which are in genera l
ag reement with  Goell.

Some of Goell’s results f rom the first six mode. are show n in Figu re 3 (or the

square and In Figure ~ for the fl • 2 rectangle. They were taken as caref ially as
possible (rum his Figures 16 and 17 (squa re and ~ ‘ 2 rectangle, respectively),
taking not e - i - i f  the fact t hat his ~3 diff e rs (rum ours by a factor of 2. Also In

Fifv re $ we show the results from the perturbat ion prescription for the dominant
(K

1
) mod. oI’ the fl ‘ 2 rectangle. (It turn s out that the latter met hod pred Icts

value-s of P2 for the dom inant mode equa l to those of $ cir cular gu ide of the same

I 
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area ). For the dominan t nic,d~ (E~ ’ ~ in ( oelI’s notation ) there Is no discernible
di(ferrne r between his curve and ours , and only small differences for the perturba-

t ion anal ys is  results .  I -or  several  other nodes there are nearly uniform diffe r-
COst’S  of less than 0. 07 In p between Goell’s results and ours. That is , the-
( ‘urvr s iire ad j acent and parallel , and ce r t a in ly  correspo nd to each other. For
11w square guide , t he sanie !.pe - i - f  result s have also been found.

Ma ny qual i ta t ive  features w h i c h  can be seen in our Figures ~ and 6 — such as
th e spl i t t i n g - i f  ansi (square) li , ’ar u t s - i f f  and the crossing of and
recta ngle ) — are also present in (ki ’lI’ s urvee , slthough there are numerical

disc repancies. Only w ith the 81
1
!1 ( l~~ ~) :~ soiie of the rectangle are there dis-

crep ancies greater t han 0, 1 on P2

With the square guide, all the odd ,~~ . - iIrs are dege ner ate in pa irs (sine and
cosi ne) bec~ usc of svmoiet r~ . (See F igure  1 and Table 2 . )  Moreover, except
f r  and R~

11, t hose even n~ .de s on w h i c h  the t i r ~ t t e rm dominates are degener-
ate o n pairs away f r o m  • ut - f ! . This  can 1-ic ’ seen learly In FIgu re 3 for  the

modes. Furt he rmore, i f (he f -ax i .  were  extended to larg er values, then
t h i s  degen er at -~ would  be mo re appa rent f o r  the l~~~-H~~ modes, as well as (or
highe r modes which  arc not shown.

A s a result  - i i i  the (- i regoing, ‘ic c o u l s i  take a linear combination of the fieLd
expansions for  t*~~ of these -i~~4es and der ive an intensity pat tern  corresponding
t -  ne ither ‘- i f  the individua l rnc-ide~ , but rather t s - i  the combination . In fact , wit h
our technique this st iulc i  au t , ima t i c a l l ~ tic -i - o r  if - i - i nc did not recognize the simp lifi—
cations Implied by the svmmetr ~ and therefore  effect the separation of the field

expansions at the beginn ing . In Gc-ie l l ’s F igure  f-i , intensit o’ patterns (or those
modes which  are degenerate r e f l e c t  t h i s  combinat ion of w ha t app ear —especial ly
f or  the even ind i ce s  — t o  be dis t inct  modes . For rectangular cross sections

-. 1) our field in tens i ty  pa t terns  agree w i t h  Goell’s ( see his Figure 6).
For guide, of  i r cu l ar  c r - s s  M C t  t i - i - i n-i there are  the works of Gloge 1 and Ye-h. 17

All of -ut result • for th i s  cross section agree very well  w i th  theirs.  Y e-h, how-
eve r , also repo rt s data (or gu ides - i - i t  e l l ipt ical  cross sect ion. A comparison o~
our results wi th  his was frust rated b~ what may be e i ther  notatIona l dIffIculties or
a real di screpancy.  The problem is that  ~‘eh lists wha t appear to be two different ,
but degenerate , modes for the cir cular guide; ,11E 11 and 0HE 11 in his notation.
Then, as the cir c le deforms into an el l ipse, he show s each of these modes becom-
ing a nondege-nerate mode, w i t h  the propagat ion constant s - i - i f  one mode being
greater In magnitude than those ‘ - i f  the circular  guide and those of the other mode
being less. However, as can be seen in Figure 22, we find j ust one dominant
mode (E ~ i f u r  the circle which  does not split int o two modes as inc reases. In
addition , our results (or th i s  sing le noncutoif mod e a gree very we ’-~ with  a

17. Ye-h. C. ( 19Th) Opt. and Quant. Elect. 8:43.
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perturbation cal culation ba sed on }yges. 12 Furthermore, Se-h’ s data (or an
ellip t ical guide having an aspect rat io of 2 . 164 do not correspond at all to our
results for e i ther  an • 2 elllpae (plot t ed in Figure 12) or an 11 ‘ 2. 164 ellipse.
Hen c e, we are unable t o correlate our re sults w i t h  hi..

In view of the fact that our results for the rectan gle and square agree quite
clo sely w ith th ose - i - f  Goell and tht ’ fact that his point -ma t ch ing  met hod requires
the eva luation - i - i f  a determinant  of - i - i  d,’r 4N , w i t h  3 N ~~ t he economy s - i f  our
method becomes obvious. Fu r thermore , unl ike  the d i f fe ren t i a l  equation approach
u t i l i zed by Goell , our  integral representation technique avoids the necessity of
havi ng I - -  use a -iu in at e system (i ictat ed by the gu ide ’s ross-sectional shape
as -sell as the special tuns’t lone char ~ i -t e r i st o c  ~( that  system . This means tha t
to the case - i f  the e l l i p t i c  guides, !- i - r  example , one need n t  tie forced t o  use
e l l ip t ic cy l inde r  coordinates nor the complit -ated ~i fo i t h i e u  fun ct  ions associated
w ith such ct ,c- ir dinat c ’s,

q~ (:u% ( : I.I uiU ) -o

rhe - - t - i ; C - i t ice -i -f ~h i s  pape r have been i l l  t - i - i  i re .ent a general method by
-
~ Pu -i - h the eq ua t - .ini f r  the propa ga t i - i - i n  c- onat~ nt s  u - i f  fibe r waveg u o deø of arbitrary
C r i - i sa  se i -t t - i - r ia l  shapes -~ .tv he w r i t tr ’ i  on a t - i - r : ’  s u i t ab l e  f r  e f f i c i en t  computation ;
o~~i ~~- - sper la lo .”- the  method for -itesi lv g u id i n g  fiber .;  and (3 ) to present l imi ted
re sul t s  f - r  t he  t a t t e r  ~sc’ t -  dem onst rate the e,,rrectness and eff iciency -f the

appr oa ch.  T i e  extens ion of th i s  technique 1 - i -  coupled scaveguides is currently in
pr ogress.
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